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a b s t r a c t
The Exp-functionmethod has been applied to solvemany functional equations so far. But it
has not been used for systems of equations directly. In this paper, the Exp-functionmethod
is applied to obtain generalized solitonary solutions of a system of two-dimensional
Burgers equations (STDBE). It has been shown that the Exp-function method, with the
help of symbolic computation, provides a very effective and powerful mathematical tool
for solving a system of functional equations.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Analytical and numerical solutions of nonlinear partial differential equations play an important role in physical sciences,
engineering and other disciplines. Various powerful methods have been presented so far, such as the tanh-function
method [1,2], sine–cosine method [3], homotopy perturbation method [4,5], variational iteration method [6,7], Adomian
decomposition method [8], etc. Most recently, a method called the Exp-function method [9–13] has been developed to
obtain solitonary, compact-like and periodic solutions of various nonlinear equations. The procedure of this method, by the
help of Matlab, Maple or any mathematical package, is of utter simplicity. The motivation of this paper was the extension of
the desiredmethod to systems of two-dimensional Burgers equations, which can bewritten in the following basic form [14]:{
ut − 2uux − uxx − uyy − 2vuy = 0,
vt − 2uvx − vxx − vyy − 2vvy = 0, (1)
where the subscripts t , x and y denote differentiation with respect to the same variables.
2. Solution of the two-dimensional Burgers equations by the Exp-function method
According to the Exp-function method, we introduce a complex variable ξ , defined as
ξ = kx+ wt + sy.
So, Eq. (1) turns into the following system of ordinary differential equations,{
wU ′ − 2kUU ′ − (k2 + s2)U ′′ − 2sVU ′ = 0,
wV ′ − 2kUV ′ − (k2 + s2)V ′′ − 2sVV ′ = 0 (2)
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where the primes denote differentiations with respect to ξ . We assume that the solutions can be expressed in the following
forms [9].
u(ξ) = ac exp(cξ)+ · · · + a−d exp(−dξ)
bp exp(pξ)+ · · · + b−q exp(−qξ) ,
v(ξ) = a
′
m exp(mξ)+ · · · + a′−n exp(−nξ)
b′l exp(lξ)+ · · · + b′−r exp(−rξ)
(3)
where c, d, p, q,m, n, l and r are positive integers and ak, bk, a′k and b
′
k’s are unknown constants to be determined. To
determine the values of parameters c, p,m and l, we balance the linear terms of the highest order with the highest order
nonlinear terms, in Eq. (2).
Similarly, to determine the values of parameters d, q, n and r , we balance the linear terms of the lowest order with the
lowest order nonlinear terms in Eq. (2). By simple manipulations in the first equation in (2), we have
U ′′ = c3 exp[(3p+ c)ξ ] + · · ·
c4 exp[4pξ ] + · · · =
c3 exp[(3p+ c + l)ξ ] + · · ·
c4 exp[(4p+ l)ξ ] + · · · , (4)
UU ′ = c3 exp[(p+ 2c)ξ ] + · · ·
c4 exp[3pξ ] + · · · =
c3 exp[(2p+ 2c)ξ ] + · · ·
c4 exp[4pξ ] + · · · . (5)
And
VU ′ = c5 exp[(p+ c +m)ξ ] + · · ·
c6 exp[(2p+ l)ξ ] + · · · =
c5 exp[(3p+ c +m)ξ ] + · · ·
c6 exp[(4p+ l)ξ ] + · · · . (6)
By balancing the highest order of the Exp-function in Eqs. (4) and (5) or (6), we derive:
3p+ c = 2p+ 2c, or 3p+ c + l = 3p+ c +m,
which leads to the following results:
p = c or m = l.
By the same way from the second equation in (2) we get
V ′′ = c3 exp[(3l+m)ξ ] + · · ·
c4 exp[4lξ ] + · · · =
c3 exp[(3l+m+ p)ξ ] + · · ·
c4 exp[(4l+ p)ξ ] + · · · , (7)
VV ′ = d3 exp[(2m+ l)ξ ] + · · ·
d4 exp[3lξ ] + · · · =
c3 exp[(2m+ 2l)ξ ] + · · ·
c4 exp[4lξ ] + · · · . (8)
And
VU ′ = d5 exp[(c +m+ l)ξ ] + · · ·
d6 exp[(p+ 2l)ξ ] + · · · =
d5 exp[(c +m+ 3l)ξ ] + · · ·
d6 exp[(p+ 4l)ξ ] + · · · . (9)
So we have
3l+m = 2m+ 2l, or 3l+m+ p = c +m+ 3l,
which leads to the following result:
m = l or p = c.
The values of d, q, n and r can be determined in a similar way. By balancing the linear term of the lowest order in Eq. (2)
we get
d = q or n = r.
Values of c, d,m and n can be chosen arbitrary. Considering the simplest case, let us take p = c = 1, d = q = 1,m = l = 1
and n = r = 1. Thus (3) becomes as:
U(ξ) = a1 exp(ξ)+ a0 + a−1 exp(−ξ)
b1 exp(ξ)+ b0 + b−1 exp(−ξ) ,
V (ξ) = a
′
1 exp(ξ)+ a′0 + a′−1 exp(−ξ)
b′1 exp(ξ)+ b′0 + b′−1 exp(−ξ)
.
(10)
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In the case b1 6= 0 and b′1 6= 0 the system (10) can be simplified to
U(ξ) = a1 exp(ξ)+ a0 + a−1 exp(−ξ)
exp(ξ)+ b0 + b−1 exp(−ξ) ,
V (ξ) = a
′
1 exp(ξ)+ a′0 + a′−1 exp(−ξ)
exp(ξ)+ b′0 + b′−1 exp(−ξ)
.
(11)
Substituting Eq. (11) into Eq. (2), and taking zero the coefficients of exp(nξ) in each term, a set of algebraic equations will
be derived. These equations can be used to determine unknowns a1, a0, a−1, b0, b−1, a′1, a
′
0, a
′
−1, b
′
0, b
′
−1, w, k and s. Solving
the system of algebraic equations with the aid of a mathematical package, say Maple10, we obtain the following results
Case 1:
a−1 = a1b−1k− 2k
2b−1 − 2s2b−1 + b−1sa′1 − sa′−1
k
, a0 = 0 b′−1 = b−1, b0 = 0,
w = −2k2 − 2s2 + 2ka1 + 2sa′1, a′0 = 0, b′0 = 0.
(12)
Substituting these results into (11), the following exact solution will be derived:
U(ξ) = a1 exp(ξ)+
a1b−1k−2k2b−1−2s2b−1+b−1sa′1−sa′−1
k exp(−ξ)
exp(ξ)+ b−1 exp(−ξ)
= a1 − 2k
2b−1 + 2s2b−1 − b−1sa′1 + sa′−1
k
exp(−ξ)
exp(ξ)+ b−1 exp(−ξ) ,
V (ξ) = a
′
1 exp(ξ)+ a′−1 exp(−ξ)
exp(ξ)+ b−1 exp(−ξ)
where
ξ = kx+ sy+ (−2k2 − 2s2 + 2ka1 + 2sa′1)t.
If we take b−1 = 1 and a′−1 = −a′1 we have
U(ξ) = a1 − k
2 + s2 − sa′1
k
exp(−ξ) sec h(ξ),
V (ξ) = a′1 tanh(ξ).
If we set, b−1 = −1 and a′−1 = a′1 we derive:
U(ξ) = a1 + k
2 + s2 − sa′1
k
exp(−ξ) csc h(ξ),
V (ξ) = a′1 coth(ξ).
Case 2:
a−1 = 0, b−1 = 0, b0 = b′0, w = −k2 − s2 + 2ka1 + 2sa′1,
a′−1 = 0, b′−1 = 0.
Substituting these results into (11), we obtain the following exact solution
U(ξ) = a1 exp(ξ)+ a0
exp(ξ)+ b0 = a1 +
a0 − a1b0
exp(ξ)+ b0 ,
V (ξ) = a
′
1 exp(ξ)+ a′0
exp(ξ)+ b0 = a
′
1 +
a′0 − a′1b0
exp(ξ)+ b0
where
ξ = kx+ sy+ (−k2 − s2 + 2ka1 + 2sa′1)t.
If we consider the values a0 = 0, b0 = 1, a1 = k and a′1 = s, we derived following results
U(ξ) = k exp
(
kx+ sy+ (k2 + s2)t)
1+ exp (kx+ sy+ (k2 + s2)t) ,
V (ξ) = s exp
(
kx+ sy+ (k2 + s2)t)
1+ exp (kx+ sy+ (k2 + s2)t)
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which are the same as Wazwaz’s answers [14].
Case 3:
a−1 = s(−a
′
0 + b′0a′1)b0
k
, a0 = sb
′
0a
′
1 + b0ka1 − sa′0
k
, b−1 = 0,
w = −k2 − s2 + 2ka1 + 2sa′1, a′−1 = b′0a′0 − b′20 a′1, b′−1 = 0.
Substituting these results into (11), we obtain the following exact solution
U(ξ) = a1 exp(ξ)+
sb′0a′1+b0ka1−sa′0
k +
s(−a′0+b′0a′1)b0
k exp(−ξ)
exp(ξ)+ b0 ,
V (ξ) = a
′
1 exp(ξ)+ a′0 + (b′0a′0 − b′20 a′1) exp(−ξ)
exp(ξ)+ b′0
where
ξ = ka+ sy+ (−k2 − s2 + 2ka1 + 2sa′1)t.
3. Conclusions
In this paper, the Exp-function method with a computerized symbolic computation has been proposed to obtain the
generalized solitonary solutions of a system of two-dimensional Burgers equations (STDBE). The results show that the Exp-
functionmethod is a powerful tool for obtaining a solitonary solution. Some systemswhich could be converted to differential
equations have been solved by this method. But as was mentioned in the abstract, applying this method for solving systems
of partial differential equations has been done for the first time.
Applying this method to other systems of functional equations is one of the tasks, our colleagues in our research group
are working on. The associated computations in this work were performed by using Maple 10.
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